Abstract: Let X be an infinite compact metrizable space having only a finite number of isolated points and Y be a non-degenerate dendrite with a distinguished end point v.
Introduction
In this paper, all maps are continuous, but functions are not necessarily continuous. For spaces X and Y , let C.X; Y / be the set of all maps from X to Y and Cld.X / be the hyperspace of all non-empty closed sets in X endowed with the Vietoris topology. It is known that when X is compact metrizable, Cld.X / is so.
A dendrite is a Peano continuum 1 containing no simple closed curves. Note that a non-degenerate dendrite is quite identical to a 1-dimensional compact AR 2 [3, Chapter V, Corollary 13.5 ]. An end point of a space has an arbitrarily small open neighborhood whose boundary is a singleton. A non-degenerate dendrite contains end points [15, Chapter III, (6.1) and Chapter V, (1.1)]. Each pair of distinct points of a dendrite is connected by the unique arc [15, Chapter V, (1.
2)]. So we denote the unique arc of two points x; y in a dendrite by OEx; y, where OEx; y is the constant path if x D y. For each function f W X ! Y of X into a dendrite Y and v 2 Y , we define the hypo-graph # v f of f with respect to v as follows: N D f1; 2; g is the set of natural numbers. Z. Yang and X. Zhou [13, 14] showed the following theorem:
Theorem 1.1. Let X be a compact metrizable space. If the set of isolated points is not dense in X , then # 0 USC.X; I/ D # 0 C.X; I/ and the pair .# 0 USC.X; I/; # 0 C.X; I// is homeomorphic to .Q; c 0 /.
In the paper, we generalize this result as follows: Then observe that # v f n D I f0g I [ f.x; t sin. =x/; 1/ j x 2 OE1=2n; 1; t 2 Ig and the sequence .# v f n / n2N converges to A in Cld.X I/. However, the set A is not the hypo-graph of any map from X to Y .
Preliminaries
Let X D .X; d / and Y D .Y; d 0 / be metric spaces, x 2 X and A; B X . We denote the diameter of A by diam A D supfd.x; y/ j x; y 2 Ag, and the distance between A and B by dist.A; B/ D inffd.x; y/ j x 2 A; y 2 Bg. For each > 0, let B.x; / D fy 2 X j d.x; y/ < g, B.x; / D fy 2 X j d.x; y/ Ä g and N.A; / D fx 2 X j dist.fxg; A/ < g. It is said that a map f W X ! Y is -close to a map g W X ! Y if d 0 .f .x/; g.x// < for all x 2 X . Similarly, for each open cover U of Y , f is U-close to g provided that for all x 2 X , both of f .x/ and g.x/ are contained in some U 2 U. Throughout the paper, we use an admissible metric for the product space X Y defined by When X is compact, the topology of Cld.X / is induced by the Hausdorff metric d H defined as follows: The following lemma can be easily proved. #C.X; Y / D fA 2 Cld.X Y / j A.x/ ¤ ; for all x 2 X and y 2 A.x/ ) OE0; y A.x/g:
Proof. For convenience sake, let F be the set of the right-hand side of the above equality. Then observe that #C.X; Y / F . First, we prove that F is closed in Cld.X Y /. Let A be the limit of a sequence .A n / n2N in F . We shall show that A.x/ ¤ ; for every x 2 X . For n 2 N, we can take y n 2 A n .x/ ¤ ;. Because of the compactness of Y , we can assume that .y n / n2N converges to some y 2 Y . Since H .A n ; A/ ! 0 as n ! 1 and dist.f.x; y/g; A n / Ä ..x; y/; .x; y n // D d Y .y; y n / ! 0 as n ! 1; it follows that .x; y/ 2 A. Hence A.x/ ¤ ;. To show that OE0; y A.x/ for each y 2 A.x/, take any z 2 OE0; y. Using the map W Y 2 I ! Y as in Lemma 2.2, we can write z D .0; y; t / for some t 2 I. Since .x; y/ 2 A, we can choose .x n ; y n / 2 A n , n 2 N, so that .x n ; y n / ! .x; y/ as n ! 1. Let z n D .0; y n ; t / for each n 2 N. According to Lemma 2.2, d Y .z; z n / Ä d Y .y; y n /. Since y n ! y as n ! 1, we have z n ! z as n ! 1. Then z n 2 OE0; y n A n .x n /, so .x n ; z n / 2 A n for every n 2 N. Because .x n ; z n / ! .x; z/ as n ! 1, it follows that .x; z/ 2 A, so z 2 A.x/. Thus we have OE0; y A.x/. Consequently, A 2 F , so F is closed in Cld.X Y /.
Next, we will show that # C.X; Y / is dense in F . For each > 0 and A 2 F , because of the compactness of A, A has a finite number of points .x i ; y i /, i D 1;
; n, such that A S n iD1 B..x i ; y i /; =2/, where we can take 
Proof of Theorem 4.1. We only need to verify condition (hd) with respect to˛D 10 in Lemma 4.2. Let K be a locally finite countable simplicial complex and
where St.v; K/ is the star at v in K. Note that f .
.0/ / is a singleton if 2 K and \ jK 0 j ¤ ;. We define
Since K is locally finite and X has no isolated points, we can choose finite sets
Cld.X Y / as follows:
Recall that r W Y I ! Y is the map defined by r.y; t / D .0; y; t /, where is as in Lemma 2.2. Because f .v/ 2# C.X; Y /, as is easily observed,
For each z 2 , there exist faces 0 1 n of such that z D P n iD0 t i O i , where P n iD0 t i D 1 and t i 0. Then we can define
For each 2 K 1 and v 2 .0/ , the continuity of f 1 j j St.v;Sd K/j\ follows from the ones of both the map r and the union operator on Cld.Cld.X Y //, where Sd K is the barycentric subdivision of K. Indeed, for each
is continuous because r is so. Moreover, the union operator S W Cld.Cld.X Y // ! Cld.X Y / is also continuous. The map f 1 j j St.v;Sd K/j\ is the composition of them. Since K 1 is locally finite, it follows that f 1 is continuous. Thus we have a map
We shall show that diam f 1 . / < 7 for any 2 K 1 . For each 2 K 1 , take any v 2 .0/ and any
By the definition of f 1 , we have
Then it follows that
For each z; z 0 2 2 K 1 , we can choose vertices v; v 0 2 .0/ such that z 2 j St.v; Sd K/j and z 0 2 j St.v 0 ; Sd K/j. Then we have
where jKj is identified with jKj f0g jKj I. Let f j jK 0 j D f 0 and f j jK 1 j D f 1 . For each z 2 jKj n jK 0 [ K 1 j, there exits 0 2 K 0 and 1 2 K 1 such that z is contained in the join of 0 and 1 , and hence z can be uniquely written as follows: z D t z 0 C .1 t /z 1 for some z 0 2 0 , z 1 2 1 and t 2 I. Then we can define
Now, the desired map f W jKj !#C.X; Y / can be defined by f D f g. As is easily observed,
C 2 D 10 : 
Therefore for each z; z 0 2 ,
Thus the proof is complete. To prove that #C.X; Y / is an F ı -set in #C.X; Y /, we need the following lemma.
Lemma 5.1. For each ı; > 0, the set A.ı; / is closed in #C.X; Y /.
5
Proof. Take any sequence fA n g n2N in A.ı; / that converges to A in #C.X; Y /. To show that A 2 A.ı; /, let .x; y/; .x 0 ; y 0 / 2 A such that d X .x; x 0 / < ı and y; y 0 are maximal in A.x/; A.x 0 /, respectively. Since A n ! A, there exist .x n ; y n /; .x 0 n ; y 0 n / 2 A n such that .x n ; y n / ! .x; y/ and .x From the definition, we need only to prove that A.x/ has a unique maximal point in 
The Digging Lemma
The following lemma will play an important role for the rest of this paper. .z 0 // < t , we can choose .x 0 ; y 0 / 2 .z/ so that ..x; y/; .x 0 ; y 0 // < t Ä Á=2. Then d X .x; x 0 / < Á=2, that is, .x 0 ; y 0 / 2 .z/j B.a; .z/ Á=2/ . Due to (?), there exists .x 00 ; y 00 / 2 .z/j XnB.a; .z/ Á=2/ such that ..x 0 ; y 0 /; .x 00 ; y 00 // < .n 1/ .z/=n. Since H . .z/; .z 0 // < t, we can find a point .x 000 ; y 000 / 2 .z 0 / such that ..x 00 ; y 00 /; .x 000 ; y 000 // < t Ä Á=2, which implies that x 000 2 X n B.a; .z/ Á/. Then it follows that ..x; y/; .x 000 ; y 000 // Ä ..x; y/; .x 0 ; y 0 // C ..x 0 ; y 0 /; .x 00 ; y 00 // C ..x 00 ; y 00 /; .x 000 ; y 000 // < t C .n 1/ .z/=n C t Ä .2=3n C .n 1/=n/ .z/ D .z/ .z/=3n < .z 0 /:
6 Proposition 5.2 holds without the assumption that X has no isolated points. 7 The Digging Lemma 6.1 holds without the assumption that X has no isolated points.
Thus is lower semi-continuous. By Theorem 2.7.6 of [10] , we can obtain a map ı W Z ! .0; 1/ so that ı.z/ < .z/=2 for each z 2 Z. Now, we can define the desired map W Z !#C.X; Y / as follows: 
Claim. The function is continuous.
For every z 2 Z and > 0, by Lemma 2.2, there exists ı 1 > 0 such that ı 1 < 1=2 and d Y .y; y 1 / < ı 1 and jt t 1 j < ı 1 ) d Y .r.y; t /; r.y 1 ; t 1 // < : Take ı 2 > 0 such that ı 2 Ä ı 1 =2 and ı 2 diam Y < . We can choose ı 3 > 0 so that ı 3 < ı.z/ and a; b 2 OEı.z/=2; 5ı.z/=2 and ja bj < ı 3 ) jb=a 1j < ı 2 :
Since and ı are continuous, there exists a neighborhood U of z such that for each z 0 2 U , H . .z/; .z 0 // < minf ; ı.z/ı 1 =2; ı 3 =4g, j1=ı.z/ 1=ı.z 0 /j < 2ı 1 =9ı.z/ and jı.z/ ı.z 0 /j < ı 3 =8. We shall verify that Case III. d X .x; a/ ı.z/ C ı 3 Since H . .z/; .z 0 // < minf ; ı.z/ı 1 =2; ı 3 =4g, there exists a point .x 1 ; y 1 / 2 .z 0 / such that ..x; max .z/.x//; .x 1 ; y 1 // < minf ; ı.z/ı 1 =2; ı 3 =4g:
Then we have d X .x; x 1 / Ä ..x; max .z/.x//; .x 1 ; y 1 // < minf ; ı.z/ı 1 =2; ı 3 =4g:
Moreover, jı.z/ ı.z 0 /j < ı 3 =8, and hence 
On the other hand, we get Then .x 1 ; y 4 / 2 .z 0 / and ..x; y/; .
Therefore we have
Observe that 
which is a contradiction. Consequently, .x; y/ 2 N. .z 0 /; /. Similarly, .z 0 / N. .z/; /. Thus H . .z/; .z 0 // < , and hence is continuous.
The disjoint cells property of #C.X; Y /
A space Z has the disjoint cells property provided that for any maps f; g W Q ! Z of the Hilbert cube and open cover U of Z, there exist maps f 0 ; g 0 W Q ! Z such that f 0 and g 0 are U-close to f and g, respectively, and 
Therefore g 000 is =3-close to g 00 , so it is -close to g. Moreover, we have
Take y 2 g 000 .z/.x 0 / n r. In addition, a Z-embedding is an embedding whose image is a Z-set in the target space. We can easily prove the following:
The next lemma is very useful for detecting Z-sets in #C.X; Y /. The continuity of follows from the ones of r, and t, and Lemma 2.1. This completes the proof. Proof. Take a countable dense set D D fd n j n 2 Ng in X. For each n; m 2 N, let
As is easily observed, In this section, we shall prove the main theorem. Let .X 1 ; X 2 / be a pair of spaces with X 2 X 1 and .C 1 ; C 2 / be a pair of classes. The notation .X 1 ; X 2 / 2 .C 1 ; C 2 / means that X 1 2 C 1 and X 2 2 C 2 , respectively. We say that .X 1 ; X 2 / is strongly .C 1 ; C 2 /-universal if the following condition holds:
A pair .X 1 ; X 2 / with X 2 X 1 is .C 1 ; C 2 /-absorbing 9 provided that the following conditions are satisfied:
Denote the class of compact metrizable spaces by M 0 , and the one of separable metrizable absolute F ı -spaces by F ı . According to Theorem 1.7.6 of [1] , the following can be established. 
The following fact is well known. (1)ˆis injective, Proof. W Z k ! I be a map defined by
Remark that f k i
.z/ Ä ı.z/ for every z 2 Z. We define a mapˆk W Z k ! #C.X; OE0; y 0 /, k 2 N, as follows:
f.x; y/ 2 X Y j x 2 S 2kCi ; y 2 OE0; r.y 0 ;˛k i .x; z//g;
It follows that
We see f
.z/ and f
.z/ for all
.z/ for all i 1. Therefore for each x 2 S 2kCiC2 , i 1,
Moreover,ˆk.z/.x 1 / D OE0; r.y 0 ; ı.z// Dˆk C1 .z/.x 1 /. Thusˆk.z/ Dˆk C1 .z/. Now, we can obtain the desired mapˆW Z ! #C.X; OE0; y 0 / defined byˆ.z/ Dˆk.z/ if z 2 Z k . It follows from the definition thatˆsatisfies conditions (2), (3) and (5) . So it remains to verify that conditions (1) and (4) hold.
Condition (1)ˆis injective. Take z 1 ; z 2 2 Z withˆ.z 1 / Dˆ.z 2 /. Then OE0; r.y 0 ; ı.z 1 // Dˆ.z 1 /.x 1 / Dˆ.z 2 /.x 1 / D OE0; r.y 0 ; ı.z 2 //; which implies that ı.z 1 / D ı.z 2 /. Hence both of z 1 and z 2 are contained in Z k for some k 2 N and
which implies that f
.z 2 / for every j 2. In the case k .z 1 / D 1, for each j 2 N, we have
In the case k .z 1 / ¤ 1, we have
which implies that g.
Condition (4) z 2 g 1 .c 1 / if and only ifˆ.z/ 2#C.X; OE0; y 0 /.
We define a function h.z/ W X ! OE0; y 0 Y for each z 2 Z k and k 2 N as follows:
Observe that # h.z/ Dˆ.z/ and h.z/ is continuous on X n fx 1 g. When h.z/ is continuous at the point x 1 , .z/ D#h.z/ 2#C.X; OE0; y 0 /. So we need only to show that z 2 g 1 .c 1 / if and only if h.z/ is continuous at x 1 .
First, we shall prove the only if part. Take any > 0. We may assume that < ı.z/. Since g.z/ 2 c 1 , there exists i 0 2 N such that for every i i 0 , g.z/.i / > 1 =ı.z/. Fix any point x ¤ x 1 in the neighborhood
Hence we have˛k
is a non-isolated point, there exists a point x 1 2 X n fx 1 g such that d X .x 1 ; x 1 / < minf1; s.z/ j z 2 Z 1 g. By induction, we can choose x m 2 X n fx 1 g for each m 2 so that d X .x m ; x 1 / < minf1=m; d X .x m 1 ; x 1 /; s.z/ j z 2 Z m g. Let s m D d X .x m ; x 1 / for each m 2 N, so s m converges to 0 as m intends to 1. Note that for every z 2 Z k and k 2 N, .z/.B.x 1 ; s k // D f0g. Since the pair .Q; c 1 / is strongly .M 0 ; F ı /-universal due to Fact 9.2, we can take an embedding g W Z ! Q so that g
Using Lemma 9.3, we can obtain a map 0 W Z n K ! #C.X; OE0; y 0 / satisfying the following conditions:
The continuity of 00 follows from the ones of and 0 , and Lemma 2.1. By conditions (a) and (2), and Lemma 2.1, for each z 2 Z n K,
According to conditions (b), (3) and (4), we have z 2 C n K if and only if 00 .z/ 2#C.X; Y /. Moreover, 00 is injective. Indeed, take any z 1 ; z 2 2 Z n K with 00 .z 1 / D 00 .z 2 /. Then there exist k 1 ; k 2 2 N such that z 1 2 Z k 1 and z 2 2 Z k 2 , respectively. It follows from (b) and (5) Finally, we prove the main theorem.
Proof of Main Theorem. Since X is infinite and has only a finite number of isolated points, we can write X D L n iD0 X i , where X 0 ¤ ; has no isolated points and each X i , 1 Ä i Ä n, is a singleton of an isolated point. Note that every X i is open in X , and hence the pair .# v C.X; Y /; # v C.X; Y // is homeomorphic to Q n i D0 # v C.X i ; Y /; Q n iD0 # v C.X i ; Y / , refer to Lemma 6.8 of [5] . For each 1 Ä i Ä n, . 
Remarks
In this section, we will give some remarks on the main theorem. Z. Yang and X. Zhou [14] proved the stronger result as follows:
Theorem 10.1. The pair .#USC.X; I/; #C.X; I// is homeomorphic to .Q; c 0 / if and only if the set of isolated points of X is not dense.
It is unknown whether the above theorem holds or not even if I is replaced with Y in our assumption. However, the first author shows the following theorem in his Ph.D. thesis [4] (cf. Z. Yang [13] proved the case that Y D I).
Theorem 10.2. The space #C.X; Y / is a Baire space if and only if the set of isolated points is dense in X .
The space c 0 is not a Baire space. In fact, it is a Z -set in it. Immediately, the following corollary follows:
Corollary 10.3. If #C.X; Y / is homeomorphic to c 0 , then the set of isolated points is not dense in X .
